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Methods

Problem statement

◾ y(Ω) = {yk(Ωk)} : the partial and potentially noisy observational dataset

◾ Ω = {Ωk} ⊂ D, Ω denotes the gappy part of the field and index k refers to time tk .

Problem
Using a data assimilation (DA) state space formulation, we aim at estimating the hidden space

x = {xk(D)}

based on the available observations y
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Current solutions

◾ Covariance-based Kriging (Chilès and Delfiner, 2012), BLUE, OI (Traon et al., 1998)
and SPDE-based version (Lindgren et al., 2011)

x? = ΣxyΣ
−1
yy y

= −Q−1
xx Qxyy

◾ Model-based DA :

State space formulation
{

xk+1 =Mk+1(xk) + ηk
yk = Hk(xk) + εk

Sequential assimilation, (En)KF, see e.g. (Evensen, 2009)
Variational assimilation, (3DVar, 4DVar) (Asch et al., 2016)
Hybrid methods
◾ Data-driven DA :
◾ Analog forecasting operator embedded in EnKF (AnDA) (Tandeo et al., 2015)
◾ Hybrid DA and machine/deep learning synergy : inference of unresolved scale parametri-
zations (Brajard et al., 2021; Bocquet et al., 2019), use of DA-based parameterizations inference in
numerical models involving machine learning (O’Gorman and Dwyer, 2018; Rasp et al., 2018)
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Variational model (I)

Considering a variational data assimilation scheme Asch et al. (2016), the state analysis x? is
obtained by solving the minimization problem :

x? = arg min
x
J (x)

where the variational cost function J (x) = JΦ(x, y,Ω) is generally the sum of an observation term
and a regularization term involving an operator Φ which is typically a dynamical prior :

JΦ(x, y,Ω) = J o(x, y,Ω) + J b
Φ(x)

= λ1||y−H(x)||2Ω + λ2||x− Φ(x)||2

withH the observation operator and λ1,2 are predefined or learnable scalar weights. This formulation
of functional JΦ(x, y,Ω) directly relates to strong constraint 4D-Var Carrassi et al. (2018).
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Variational model (II)

For inverse problems with time-related processes, the minimization of functional JΦ usually involves
an iterative gradient-based approach :

x(i+1) = x(i) − α∇xJΦ(x(i), y,Ω)

In our case, we are interested in purely data-driven operator Φ :

◾ we use NN-based bilinear representations, a way of embedding Markovian priors in CNN (Fablet
et al., 2019; Beauchamp et al., 2020) with advection schemes.

◾ NN-based Φ : deep learning automatic di�erentiation tools to compute∇xJΦ given the architec-
ture of operator Φ
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Trainable Gradient-based (Grad) solver architecture

Let us denote by Γ the iterative gradient-based update operator. Following meta-learning schemes
Andrychowicz et al. (2016), a residual LSTM-based representation of operator Γ is considered here
where the ith iterative update of the solver is given by :

g(i+1) = LSTM
[
α ·∇xJΦ(x(i), y,Ω), h(i), c(i)

]
x(i+1) = x(i) − T

(
g(i+1)

) (1.1)

with g(i+1) is the LSTM output using as input gradient∇xJΦ(x(i), y,Ω), while h(i) and c(i) denotes
the internal states of the LSTM Arras et al. (2019), α is a normalization scalar and T a linear or
convolutional mapping.

Fixed-Point (FP) solver

When replacing :

◾ the LSTM cell by the identity operator

◾ JΦ(x, y,Ω) by its single regularization term J b
Φ(x),

the gradient-based solver leads to a parameter-free fixed-point version of the algorithm Beauchamp
et al. (2020); Fablet et al. (2019).
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End-to-end joint learning scheme
Overall, let denote by ΨΦ,Γ(x(0), y,Ω) the output of the end-to-end learning scheme given
architectures for both NN-based operators Φ and Γ, the initialization x(0) of state x and the
observations y on domain Ω.

dy(Ω)

dx(k)

NN model
for Uφ

− G
LSTM or CNN unit

−

× IΩ ×IΩ̄+

dx(k+1)

Gradient-based iteration

k
=

0,
··
·,

N
G

B

Sketch of the gradient-based algorithm

Then, the joint learning of operators {Φ, Γ} is stated as the minimization of a reconstruction cost :

arg min
Φ,Γ
L(x, x?) s.t. x? = ΨΦ,Γ(x(0), y,Ω) (1.2)

In case of supervised learning, where targets are gap-free, L(x, x?) = ||x− x?||2 + ||∇x −∇x? ||2
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Experiments

OSSE

Observation System Simulation Experiment (I)

◾ Ground truth dataset x : high-resolution 1/60◦ NATL60
configuration of the NEMO (Nucleus for European
Modeling of the Ocean) model

◾ A 10◦ × 10◦ GULFSTREAM region is used with down-
graded resolution to 1/20◦, principally led by mesos-
cale processes

◾ A 10◦×8◦ ”open-ocean” OSMOSIS region is used with
downgraded resolution to 1/20◦

NATL

GF
GF2

OSMOSIS

OSMOSIS2

GULFSTREAM domain

◾ OSSE : pseudo-altimetric nadir and SWOT observational datasets y = {yk} at time tk are ge-
nerated by a realistic sub-sampling satellite constellations on subdomain Ω = {Ωk} of the grid.

(a) Ground Truth (SSH) (b) Ground Truth
(∇SSH)

(c) Observations
(nadir)

(d) Observations
(nadir+swot)

Ground Truth (SSH & ∇SSH) and pseudo-observations (nadir & nadir+swot) on August 4, 2013
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OSSE

Observation System Simulation Experiment (II)
DUACS OI x (Taburet et al.) as a baseline : significant smooting, solving spatial scales up to 150km :

(a) Ground Truth
(∇SSH)

(b) OI
(∇SSH)

NATL60 & OI SSH and ∇SSH on August 4, 2013

4DVarNet performance on the GULFSTREAM domain compared to DUACS OI and BFN over the period from
2012-10-22 to 2012-12-02 (42 days)

Method µ(RMSE) σ(RMSE) λx (degree) λt (days)
duacs 4 nadirs 0.92 0.01 1.42 12.0
bfn 4 nadirs 0.92 0.02 1.23 10.6
dymost 4 nadirs 0.91 0.01 1.36 11.79
miost 4 nadirs 0.93 0.01 1.35 10.19
4DVarNet 4 nadirs 0.94 0.01 1.06 6.42
duacs 1 swot + 4 nadirs 0.92 0.02 1.22 11.15
bfn 1 swot + 4 nadirs 0.93 0.02 0.8 10.09
dymost 1 swot + 4 nadirs 0.93 0.02 1.2 10.07
miost 1 swot + 4 nadirs 0.94 0.01 1.18 10.14
4DVarNet 1 swot + 4 nadirs 0.95 0.01 0.7 6.34
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Experiments

OSSE

Observation System Simulation Experiment (III) : GULFSTREAM

(a) Raw SSH (b) Gradient SSH

(c) Time series (d) Spectral performance
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Experiments

OSSE

Observation System Simulation Experiment (IV) : OSMOSIS

(e) Raw SSH (f) Gradient SSH

(g) Time series (h) Spectral performance
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New applications

New applications

4DVarNet models with trainable observation models
x? = argminx||x− y||2 + λ||x− Φ(x)||2

Sparse sampling operator
||H(z) ∗ (x− y)|| with ||H(z)||1 < ε

Multimodal observation
||x− y||2 + α||G ∗ x−F ∗ z||2

Calibration operator
||H(y)− x||2
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Experiments

OSE

Observation System Experiment (I)

◾ Satellite observations are from real 2017 sea surface height data from altimeter (SARAL/Altika,
Jason 2, Jason 3, Sentinel 3A, Haiyang-2A and Cryosat-2 altimeter data)
◾ Validation on the GULFSTREAM domain for the Cryosat-2 altimeter data (not considered in the

mapping)

North Atlantic SSH daily interpolation (2017)
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Experiments

OSE

Observation System Experiment (II)

The state space formulation includes :

◾ a low-resolution SSH

◾ a high-resolution SSH anomaly

while the observation vector includes :

◾ OI (for the low-resolution SSH)

◾ the altimetric observations

◾ the SST (model-based in idealistic experi-
ments)

4DVarNet performance on the GULFSTREAM domain
compared to DUACS OI and BFN over the whole year

2017

Method µ(RMSE) σ(RMSE) λx (km)
DUACS 0.88 0.07 152
MIOST 0.89 0.08 139
DYMOST 0.89 0.06 129
BFN 0.88 0.06 122
4DVarNet (SSH only) 0.88 0.08 132
4DVarNet (SSH+SST) 0.88 0.06 122

The variational cost becomes :

JΦ(x, y,Ω) = λ1||ySSH − xSSH||2 + λ2||ySSH − xSSH||2Ω
+

∑
i λ3,i||Gi ∗ ySST −Fi ∗ xSSH||2

+ λ4||x− Φ(x)||2

This may be seen as a learning-based generalisation of the SQG formulation :

xSSH + α∆−1/2ySST + ε

where the high resolution component of the SSH is explained by a convolutional step of the SST with
a fractional Laplacian operator. Here two CNN-based operators are applied to SST observations and
SSH state space. They are both optimized during the training phase (with Φ and Γ) to satisfy at best
the new loss function
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Link with optimal interpolation

Link with optimal interpolation

To ease the link with classic OI/SK equations, let rewrite the matrix formulation of the prior term as :

xTP−1x

=xTQx

=xTSTSx
=||xS||2 = ||x− Φ(x)||2

with Φ = (1− S), and S is the square root of the precision matrix.
When operator Φ is linear, as it is the case when discretizing the fractional operator of a linear SPDE
in its matrix formulation, equating the gradient of the SK cost function

J (x) = ||y− x||2Ω + λ||x− Φ(x)||2

to zero leads to :

∇J (x) = (x− y)1Ω + λΦT(x− Φx) = 0

with optimal solution :

x? =
(
1Ω + λΦT + λΦTΦ

)−1 y

Maxime Beauchamp RESSTE 2022 2022, May 10 15



RESSTE 2022

Link with optimal interpolation

Link with optimal interpolation

Using for instance an SPDE-based evolution equation, we can try to :

◾ speed up the inversion with an LSTM solver based on a metalearning scheme for the gradient
descent of the variational OI cost instead of inverting large (even if sparse) prior precision matrices

◾ learn the parameters of the SPDE and fill in the precision matrix

◾ identify the SPDE and its parameter with PINN-based approaches and use it as the evolution
model in 4DVarNet

SPDE-based model
∂x
∂t + {κ2(s, t) + m(s, t) ·∇−∇ ·H(s, t)∇}α/2 x(s, t) = τz(s, t)

Qxx given
with Φ = (1−Q1/2

xx )

x? = −Q−1
xx Qxyy LSTM solver

Qxx structure given
κ, H, m unknown

with Φ = (1−Q1/2
xx )

NN-based parameter estimation

x? = −Q−1
xx Qxyy LSTM solver

Φ : SPDE evolution equation

(s)PINN SPDE identification

x? = −Q−1
xx Qxyy LSTM solver
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Data challenges

Data challenges
https://github.com/maxbeauchamp/2022a SPDE GP mapping

(a) simulation (b) observations

SPDE-based GP data challenge

https://github.com/jejjohnson/2022b qg mapping

(a) simulation (b) observations

�asi-Geostrophic data challenge
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Conclusion

Take-home messages

Done

◾ We can bridge DNN and variational models to solve inverse problems

◾ Learning jointly variational priors, observation models and solvers

◾ Optimal sampling as a learning issue under sparsity constraint

◾ Multimodal DA as a learning issue with a trainable feature extraction operator

In progress

◾ Stochastic implementation in progress
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